In this paper, we present the analytical solution for the model that describes the interaction between a three-level atom and two systems of N-two level atoms. The effects of the quantum numbers and the coupling parameters between spins on the Pancharatnam phase and the atomic inversion, for some special cases of the initial states, are investigated. The comparison between the two effects shows that the analytic results are well consistent.
Introduction
The use of statistical mechanics is fundamental to the concepts of quantum optics: Light is described in terms of field operators for creation and annihilation of photons [1] - [7] . Features of quantum optics are mainly based on three different types of interaction, namely, field-field, atom-atom, atom-field interaction. Each one of these interactions represents a certain type of physical phenomena [8] - [13] . For example, Hichem Eleuch and Raouf Bennaceur studied the interaction between a three-level system in the lambda configuration with two resonant electromagnetic fields, through which the motion of a pair of solitons propagating through an absorbing threelevel system in the lambda configuration was analyzed [14] .
In addition, based on Dicke's superradiance, Eyob A. Sete et al. studied the collective spontaneous emission from an ensemble of N identical two-level atoms prepared by absorption of a single photon-a.k.a. single photon Dicke superradiance [15] .
In the present communication we are concerned with the type of atom-atom (spin-spin) interaction, the inte-raction between a three-level atom and two systems of N-two level atoms. The time evolution of dynamical systems has attracted considerable attention over the past several decades because of its various applications. An important aspect in this regard is the quantum phase associated with the evolution of these states in certain circumstances [16] . In recent years much attention has paid to the quantum phases [17] such as the Pancharatnam phase [18] - [22] and the geometric phase [23] [24] . The concept of geometric phase naturally arises for polarized light in optics. Simple quantum gates using geometric phase have been demonstrated experimentally in the nuclear magnetic resonance setup [25] . In the fifties, Pancharatnam [26] came up with a rigorous prescription for the phase acquired in a completely general evolution of a system. Pancharatnam discovered that when the polarization state of a beam of light was taken around a closed circuit in the state space, namely the Poincar. Sphere, it acquires an extra phase which is equal to half the solid angle subtended by the circuit at the origin of the sphere [27] . In 1956, Pancharatnam [26] studied how the phase of polarized light changed after a cyclic evolution of its polarization [28] . In 1984 Berry addressed a quantum system undergoing a unitary and cyclic evolution under the action of a time-dependent Hamiltonian [29] . The process was supposed to be adiabatic, meaning that the time scale of the system's evolution was much shorter than the time scale of the changing Hamiltonian [30] .
The Pancharatnam phase or most commonly Berry phase is a phase difference acquired over the course of a cycle when a system is subjected to cyclic adiabatic processes, which results from the geometrical properties of the parameter space of the Hamiltonian. The Pancharatnam phase is very important in the propagation of a light beam where its polarization state is changing periodically [18] . Hence, we study the Pancharatnam phase of a three-level atom coupled to two systems of N-two level atoms as an application.
This paper is organized as follows: in section 2, we will describe the Hamiltonian of the system of interest, and obtain the explicit analytical solution of the model describing the interaction between a three-level atom and two systems of N-two level atoms. The case discussed in this paper is considered to be the generalization of the atom-atom interaction, and most of the previous papers which handled this interaction are, for the most part, considered to be a special case of our case. In section 3, different cases are studied to demonstrate the effects due to both the quantum numbers m 1 , m 2 and the coupling parameters between spins λ 1 , λ 2 on the atomic inversion z S of the model. By analytical calculations in section 4, we examine the influence of the quantum numbers m 1 , m 2 and the coupling parameters between spins λ 1 , λ 2 on the Pancharatnam phase ( ) P t of the model. In section 5, we discuss the second-order correlation function where the examination of the second-order correlation function leads to better understanding for the nonclassical behavior of the system. Finally, section 6 presents the conclusions and an outlook.
The Model
The Hamiltonian of our model describes the interaction between a three-level atom coupled to two systems of N-two level atoms. In this case the Hamiltonian of the whole system can be written in the form:
where, 
we get from Equations (1), (15) ( )
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where k λ is the coupling parameters between spins. 
by substituting from Equation (24) in Equations (17)- (19) we get the following equations:
( ) ( ) ( ) = Λ (27) from Figure 1 we set
So, we can write the Equations (25)- (27) as the following:
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We solve the Equations (29) Figure 1 . Scheme of the interaction between a three-level atom coupled to two systems of N-two level atoms. 
So from Equation (24) . m m C t As applications to the solution of our case, a three-level atom coupled to two systems of N-two level atoms, we calculate the atomic inversion, the Pancharatnam phase and the correlation functions.
The Atomic Inversion
The atomic population inversion ( ) ( ) ( ) z S = , then it decreases until it reaches its minimum value. We observe, when the quantum numbers m 1 , m 2 increases, the number of periodic oscillations and the phase of periodic oscillations gradually decrease, but the minimum value increases remarkably. In Figure   2 (c), the initial state is ( ) atomic inversion. The atomic inversion has regular and periodic oscillations. It starts from its maximum value, 1 z S = , then it decreases until it reaches its minimum value, 0.75 z S = − . We observe, there is constant interval at the maximum value. It increases remarkably when the coupling parameters between spins λ 1 , λ 2 decrease and the number of periodic oscillations gradually decreases.
The Pancharatnam Phase
The total phase both dynamic and geometric phase parts for an arbitrary quantum evolution of a system from a state at t = 0 to a final state at time t. Without [31] ( ) ( ) ( )
In Figure 4 , we consider (Δ = 0, λ 1 = λ 2 = 1 and j 1 = 30, j 2 = 20 and the initial state is
. We investigate the effect of the quantum numbers m 1 , m 2 on the Pancharatnam phase. It has regular and periodic straight lines following the shape of the letter N. It starts from zero then decreases until it reaches its minimum value, P = −3, then it increases until it reaches its maximum value, P = 3. We note that there is a regular repeat in the behavior of the Pancharatnam phase. We observe, when the quantum numbers m 1 , m 2 increase, each period of the Pancharatnam phase has widen on the time axe and the overall number of periods decreases. In . We investigate the effect of the coupling parameters between spins λ 1 , λ 2 on the Pancharatnam phase. It has regular and periodic straight lines following the shape of the letter N. It starts from zero then decreases until it reaches its minimum value, P = −3, then it increases until it reaches its maximum value, P = 3. We note that there is a regular repeat in the behavior of the Pancharatnam phase. We observe, when the coupling parameters between spins λ 1 , λ 2 decrease, each period of the Pancharatnam phase has widen on the time axe and the overall number of periods decreases remarkably. Finally, comparing the change of the Pancharatnam phase in Figure 4 and Figure 5 , we observe that the effect of the quantum numbers m 1 , m 2 is larger than the effect of the coupling parameters between spins λ 1 , λ 2 in respect to the overall number of periods.
The Correlation Function
In this section, we discuss the behavior of the second-order correlation function where the examination of the correlation function is usually used to discuss the correlated or uncorrelated behavior from which we can distinguish between classical and nonclassical behavior. The normalized second-order correlation function is defined by [13] [32] To discuss the behavior of the correlation function, we have to calculate the expectation value of the quantity which can be obtained as: We know that
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where ( ) 2  2  2  2  2   2  2  2  2  2  2   2  2  2  2  2  2 , 1 g have regular and periodic oscillations, but in this case the functions sometimes show uncorrelated behavior ( g for the systems 1 and 2 respectively. The correlation functions 2 1 g , 2 2 g have regular and periodic oscillations, the functions sometimes show uncorrelated behavior ( 
Conclusions
In this paper, we analytically solved the model that described the interaction between a three-level atom coupled to two systems of N-two level atoms. We calculated the atomic inversion and the Pancharatnam phase for some special cases of the initial states Figure 4 and Figure 5 , we observe that the effect of the quantum numbers m 1 , m 2 is larger than the effect of the coupling parameters between spins λ 1 , λ 2 in respect to the overall number of periods. Finally, we discuss the second-order correlation function where the examination of the second-order correlation function leads to better understanding for the nonclassical behavior of the system. When the quantum numbers m 1 , m 2 increase the correlated behavior shows remarkably. The model presented in this paper can further be applied to two-two level atom or two qubits where in this case j = 1. This can make contribution to more understanding and possible applications in the field of quantum optics as well as solid-state physics. In addition, the atom-atom (i.e. spin-spin) interaction is a promising candidate for implementing the quantum computer, which accordingly can be connected vitally to the demonstration of spin dynamics in semiconductor structures [33] .
